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Abstract 

We consider super symmetric non-Abelian gauge theories coupled to hyper multiplets on five and 
six dimensional orbifolds, 8^/7^2 and T^/Z^r, respectively. We compute the bulk and local fixed 
point renormalizations of the gauge couplings. To this end we extend supergraph techniques to these 
orbifolds by defining orbifold compatible delta functions. We develop their properties in detail. To 
cancel the bulk one-loop divergences the bulk gauge kinetic terms and dimension six higher derivative 
operators are required. The gauge couplings renormalize at the fixed points due to vector multiplet 
self interactions; the hyper multiplet renormalizes only non-Z2 fixed points. In 6D the Wess-Zumino- 
Witten term and a higher derivative analogue have to renormalize in the bulk as well to preserve 6D 
gauge invar iance. 
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1 Introduction 



Theories of extra dimensions have been investigated for a long time after the pioneering work by 
Kaluza and Klein. More recently, string theory has been very important to stimulate research into 
this direction, because the natural number of dimensions for string theory seems to be ten. Not 
only in the string theory community the topic of extra dimensions has attracted a lot of attention, 
also phenomenologists looked at this possibility. This was initiated by the papers ^ [2]. Most of 
the phenomenological activity has focused on five dimensional (5D) models, in particular models on 
simple ID orbifolds like S'^/Z2 or 5^/Z2 x [SIEIH]- One of the main reasons to turn to orbifolds 
is that they naturally lead to chiral fermions. And if the extra dimensional theory is supersymmetric 
then only by orbifolding 4D J\f = 1 supersymmetry can be recovered. Also 2D orbifolds like T^/Z^v 
have been considered in phenomenological applications in 6D. To obtain phenomenological models 
from (heterotic) string theory one often uses 6D orbifolds. In this paper we will focus primarily on 
orbifolds in 5D and 6D, but these results can be easily extended to the lOD string theory and IID 
M-theory settings. 

There have been many investigations of quantum corrections to field theories on orbifolds. An issue 
that received particular attention is the generation of the Fayet-Iliopoulos terms at the fixed points of 
ID orbifolds [51171151 1^ IIUI ITT] . Another issue of investigations in extra dimensions is the question of 
the running of the gauge coupling and possible gauge coupling unification. Initial investigations like 
[T^ [T^ took a naive approach to this problem, but it was soon widely accepted that this running is 
in principle sensitive to the ultra-violet (UV) completion of the theory |14j . 

There are various issues that one has to be aware of when discussing 5D and 6D theories. In 6D the 
constraints of anomalies are very severe |15| I16| ITT]. This means that one has to be very careful when 
one tries to obtain a consistent theory in a bottom-up approach. However, if one considers (heterotic) 
string compactifications it is essentially guaranteed that no dangerous anomalies can ever arise. In 
the present work the issue of anomalies is not so important, because we are simply interested in the 
corrections to bulk and brane gauge operators due to various supermultiplets. These results can then 
be in particular be applied to anomaly free models in 6D. 

In a previous publication jl8j we studied the gauge coupling running by calculating the photon 
self-energy in extra dimensions. We focused on the renormalization of the gauge operators in Abelian 
supersymmetric field theories on 5D and 6D orbifolds. In general one would expect that both bulk 
and fixed point gauge couplings would renormalize ^USHU^, but we found that for a charged bulk 
hyper multiplet the contributions cancel out at the fixed points of jTL^. However, for a 6D orbifold 
T'^ jTL^ this cancellation does not persist, except for the fixed points that are invariant under a Z2 
symmetry. The other feature we found is that in the 6D case also a dimension six higher derivative 
term for the gauge multiplet is required to cancel all divergences. The observation that such higher 
derivative operators are generated is no surprise, it is simply one of the consequences that we consider 
6D theories which are non-renormalizable. 

Such higher derivative operators have also been found recently for other quantities in theories of 
extra dimensions: In a 6D supersymmetric model compactified on r^/Z2 such operators were obtained 
in the context of Scherk-Schwarz supersymmetry breaking [22] . And even in 5D orbifold models they 
can arise if brane localized interactions for bulk fields are considered [^. This can be understood 
in the Kaluza-Klein mode picture by realizing that for brane localized interactions, the Kaluza-Klein 
number is not conserved, so that double sums can arise at one loop, raising the degree of divergence of 
the corresponding sum/integral. Such higher derivative theories may have remarkable UV properties. 
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and might actually be renormalizable, as speculated in |241 1251 0^ . 

In this work we extend and complete the work that was initiated in our previous paper ^Sj to 
include non-Abelian gauge interactions. We employ again the method of representing 5D and 6D 
SUSY theories by = 1 4D superfields ^[ HSJ UHl OOI and give a detailed account of how to apply 
supergraph techniques to 5D and 6D orbifolds. (For applications of supergraph techniques in the 
context of supergravity see [SB-) While the renormalization of the gauge couplings due to the hyper 
multiplets is a straightforward extension of the previous work, the new issue presented here is the 
inclusion of the self interactions of the non-Abelian gauge multiplet. This is interesting in particular 
because in order to obtain the vector multiplet propagator a proper gauge fixing is required. When a 
generic gauge is applied both the higher dimensional Lorentz invariance is lost and there one observes 
a mixing between the various M = 1 superfields. However, there is a convenient gauge choice available 
in which these problems can be avoided |321 133j . Using these ingredients we perform our calculation 
of brane and bulk gauge operators on 5D and 6D orbifolds. 

Even though our investigation is restricted to one-loop corrections only, we expect that the results 
in fact hold to all orders in perturbation theory up to infra-red (IR) effects. Both at the fixed points 
and in the bulk holomorphicity arguments j34| 1351 136| I37( I38| of = 1 SUSY field theories in 4D 
apply. Using such arguments the behavior of uncompactified supersymmetric gauge theories in 5D 
were investigated by |391 1401 141j starting from an anomaly argument by Witten |32] . In the direct 
perturbative calculation that we will be performing, we should of course be able to reproduce those 
results, and so they can serve as important cross checks. 

This paper is organized as follows: In section |21 we give the classical action for a hyper multiplet 
coupled to a gauge multiplet in 5D and motivate the gauge fixing we employ. We modify the action 
such that it is formulated consistently on the orbifold /Z,2- We introduce orbifold compatible delta 
functions which are necessary for functional differentiation in order to calculate Feynman graphs on 
the orbifold. We generalize this concept to 6D and the orbifold T^/Z^v in sectional Section0]describes 
the quantum calculation of the vector multiplet self-energy in the 5D case. We present the relevant 
vertices and calculate the Feynman graphs. In a detailed example we demonstrate how to compute an 
amplitude directly on the orbifold. We take the sum of the graphs to obtain the vector multiplet self- 
energy. We regularize the result and calculate the bulk and /Z2 fixed points counterterms. Section 
13 follows the same logic for the 6D case and T^/Z^r. Evaluating the vector multiplet self-energy here 
shows that one has special cancellations at those fixed points of T^/Zat that are invariant under a Z2 
subgroup of Ztv. In the final section we give some illustrating examples in which we relate our results 
to 4D on the zero mode level before we conclude. Appendix^has all explicit results for the calculated 
Feynman graphs, while app endices IbI and IHl show our conventions for Fourier transformation and theta 
functions, respectively. We regularize the relevant momentum integrals in appendix IdI 

2 Hyper and non-Abelian gauge multiplets in five dimensions 

In this section we consider a hyper multiplet charged under a (non-)Abelian vector multiplet on the 
orbifold S^/Z,2 in 5D. We begin our discussion with a review of these 5D multiplets using a 4D 
superfield language. Next we determine the propagators for these superfields. For the vector multiplet 
this requires gauge fixing and the introduction of ghost multiplets. In the final part of this section we 
explain how this theory can be extended to the 5D orbifold /Z,2 and introduce orbifold compatible 
delta functions that arise from functional differentiation. 
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2.1 Classical hyper and gauge multiplet actions 

We consider the classical theory of a supersymmetric 5D theory containing a hyper multiplet that is 
coupled to a gauge multiplet. We describe these multiplets in terms of 4D superfields pTlOSlOniH^ . 
In this language the degrees of freedom of the 5D hyper multiplet are described by two 4D chiral 
multiplets and . These fields transform in a given representation (for example the fundamental 
or adjoint representation) of the gauge group. The degrees of freedom of the 5D gauge multiplet are 
contained in one 4D vector multiplet V = V^Ti and one 4D chiral multiplet S = S^Ti which both 
transform in the adjoint representation of the gauge group. Here Tj are the Hermitian generators of the 
gauge group. The algebra of these generators [Ti,Tj] = fij^Tj- defines the purely imaginary structure 
coefficients. The Killing metric, denoted by rnj, will be used to raise and lower adjoint indices, for 
example fijk = fi/f]e.k- We denote the trace in the representation of the chiral multiplets by tr and the 
trace in the adjoint representation by tr^d- The latter is given by t^c^di^Y) = — fijkfemn'H''"^'']'^"'-^^^^ ^ 
where the matrix X and Y are defined in the adjoint: {X)jk = X^[Ti)jk = X'^ fijk, etc. 

The kinetic action of the hyper multiplet with its coupling to the gauge multiplet is described by 



Sh 



(Fx 



-2V 



(1) 



Here we have indicated the derivative in the fifth direction by ^5. This action is invariant under the 
supergauge transformations 



2A 



V2 



„2y 



(2) 



where A is a chiral superfield and A its conjugate. These conventions (that lead to various factors of 
2) ensure that the scalar and fermionic components have charges normalized to unity. 

The kinetic action for the 5D gauge multiplet in a 4D superfield language comprises the standard 
terms for the 4D gauge field V and one extra term for the 4D chiral multiplet S 
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2Vt, ^-2V ^2V5 ^-2V 



e "e 



(3) 



where we have defined 



and 



(4) 



Application of the gauge transformations ((21) shows that Wa and e^^^ transform covariantly 



and 



e2Ag2y5e2A 



(5) 



such that the vector multiplet action is gauge invariant. The reduction to the Abelian case is trivial, 
where one finds in particular that the super field strengths Wa and V5 are gauge invariant. When we 
compute the renormalization of the vector multiplet at one loop, we perform a direct computation 
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Figure I: This picture gives our drawing conventions for the propagators which we employ throughout this 
paper. In particular, there are two chiral multiplct propagators: The first one corresponds to the diagonal terms 
in (O, while the second refers to the off-diagonal parts. 



rather than a background field method. Therefore, we will be able to recover only the quadratic part 
of the vector multiplet action 



W2 



4 I d^xd^eti -VD^'D'^D^V +(d^Vf -V2d^V iS + S)+SS 
g-' J [8 



(6) 



This expression is obtained from Q after some partial integrations and the absorption of a —\D'^ in 
the Grassmannian integration measure. There is a mixing between the 4D vector multiplet V and the 
chiral multiplet S. The presence of this mixing is not surprising, because S behaves like a Goldstone 
superfield since it transforms with a shift under gauge transformations, see (j2|. From a computational 
standpoint this mixing is a nuisance, but luckily, it can be removed by a suitable choice of gauge fixing, 
as we discuss below. 

This description is clearly not manifestly 5D Lorentz invariant. Lorentz invariance is recovered 
after eliminating the auxiliary fields by their equations of motion. Therefore, this description is not an 
off-shell formulation of the 5D supersymmetric theories. However, for us the main advantage of this 
approach is that perturbation theory is greatly simplified over a component approach and all kinds of 
cancellations due to iV = 1 supersymmetry are built in. 



2.2 Propagators, gauge fixing and ghosts 

After this strictly classical discussion of the 5D hyper and vector multiplets we now turn towards 
the quantization of the theory using path integral methods. To this end we need to determine the 
propagators of the 4D superfields $+, V and S by coupling them to the sources J+,J-, Jy and 
J5, respectively. As usual the interactions can be obtained by functional differentiation with respect 
to these sources, after the original superfields are integrated out using their corresponding quadratic 
actions. 

By considering the quadratic part of the hyper multiplet action (P) and using some standard 
superspace identities, we thus obtain 

^ ^ ( *f ) ( ) . 0) 

Hence as for massive chiral multiplets in 4D we have both non-chiral propagators between J± and 
J±, as well as chiral propagators between J+ and J_ and their conjugates. In figure ^ we depict 
our drawing conventions of these chiral propagators: The first propagator in this picture gives the 
correlation between the sources J± and J±, and the second one between J+ and J_. Obviously, there 
is also the conjugate propagator between J+ and J_. 
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For the 5D vector multiplet we need to do more work because of gauge invariance. The problem of 
resulting zero modes can be made manifest by representing the quadratic action in the following 
matrix form 



SV2 = - 





D 






\V2P+d^ 


\V2P^dA 


S S)A 


s 













\s) 




\-\V2P+d^ 




/ 



(8) 



using the transversal projector Pq 



D°'D^Da 



and its chiral counterparts P4- 



and P_ 



The operator A has chiral zero modes corresponding to the gauge directions X. Indeed, we see that 







/ A + A 


X = 6a 




^2^5 A 









AX = 0. 



(9) 



This shows explicitly that also in five dimensions in order to define the propagator of the vector 
multiplet, we need to perform a gauge fixing to modify the quadratic form A so that it becomes 
invertible. 

The procedure to determine the gauge fixed action follows the conventional 4D superfield methods 
for gauge multiplets, see the textbooks [441 145j for example. As usual we start by choosing a gauge 
fixing functional 



n2 / 1 -\ 



(10) 



This gauge fixing functional has been previously considered in refs. |321 133j . To motivate this choice 
we observe, that taking the imaginary part of the restriction 



5^1 



(11) 



reveals that with the gauge fixing functional Q 5D Lorentz invariant gauge fixing like OmA = is 
incorporated. The gauge fixing condition Q = F, with F an arbitrary chiral superfield, is implemented 
into the path integral via the standard procedure as the argument of a delta function together with 
a compensating Fadeev-Popov determinant A(G). One is free to include a Gaussian weighting factor 
expi J d^xd'^OivFF and to perform functional integration over F. Because of the delta functions, that 
implement the gauge fixing, this Gaussian integration is trivial and results in the gauge fixing action 



(f'xd'^etv [ee] 



(12) 



(13) 



Here we see a further motivation for the gauge fixing functional (|lflj) : The mixing between the V and 
the S and S fields, which was present in Q, has been removed. Consequently, the propagators for V 
and S are decoupled 
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Combining this gauge fixing action with Q gives rise to invertible quadratic operators 
5y2 + 5gf = jd^xd^eti -V {a+dl)V + s{l + ^^S . 



5v2' 



/ 



4'^^n + 9| 



Jv + Js 



(14) 
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This decoupling amounts to a major simplification of the supergraph computations performed in later 
sections. Notice that the nonlocal term in ()13|) has given rise to a perfectly regular propagator for the 
S superfield. The propagators are depicted in figure Q As observed above, the superfield S can be 
thought of as Goldstone boson superfield, therefore in this sense this gauge fixing is an application of 
the supersymmetric 't Hooft gauge UHl- 

To finish the description of the gauge fixing procedure, we rewrite the Faddeev-Poppov determinant 
A(0) using ghosts as usual. In the supersymmetric setting the ghosts C and C are anti-commuting 
chiral superfields. To determine their action we consider the infinitesimal supergauge variations @ of 
the fields V and S 

6AV = Lv{A-A.)+coth{Lv)Lv{A + A), 6aS = V2dr,A + 2[S,A] , (15) 

that are present in the gauge fixing functional (fTn|) . Here Lv{X) = [V,X] denotes the Lie derivative. 
These variations determine the Fadeev-Popov determinant 

A(e) = j VAVA' exp (- ^ / d^x [J (fO A'S^Q + J (PO A' 8^0] ) • (16) 

The inverse of the Fadeev Popov determinant is obtained by replacing A and A' by the ghosts C and 
C", respectively. In this way A(0)^^ can be written as exponential of the ghost action 

5gh = ^ / d^x (fe tr \V2 [C' + C) {Lv {C-C)+ coth (Ly) Ly {C + C)) 

+ C'-^ (V2d5C -2[S,C])+ C'-^ (V2d5C + 2 [S, C] 



(18) 



□ V '- V □ 

From this action the ghost propagators can be read off easily 



Sgh2 = J (fx(fetT 



Notice that even though the (quadratic) action ((T7|) appears to include non-local terms, the ghosts 
have perfectly normal 5D propagators. These propagators are given in figure E Even though there 
are two types of propagators, we use only one notation for both of them, because the two propagators 
are the same. 

This completes our description of the quantum field theory of hyper and vector multiplets in 5D. 
The vertices can be obtained straightforwardly by expanding the various actions and will not be given 
here. In section^ we will only give those interaction terms that will be relevant for the computations 
performed there. 



2.3 The five dimensional orbifold 8^/7^2 

In the discussion so far we have only considered vector and hyper multiplets in 5D Minkowski space. 
We now turn to the situation where the fifth dimension is compactified on the orbifold 3^/1^2- As 
far as the perturbation theory is concerned we only need to reconsider the functional differentiation 
w.r.t. the sources J±, Jy and Js- This naturally leads to the definition of orbifold compatible delta 
functions. 
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To describe the orbifold 3^/1^2, we begin by defining the circle 5^ by the identifications 

yr^y + Kw, Aw = 2ttRZ, (19) 

where Aw is the winding mode lattice. The length of the circle (the "volume" of a fundamental 
region of the lattice A^) is equal to Volyy = 27ri?. We denote the delta function on the torus by 
6{y) = SM.{y + A]y). The momentum in the fifth direction is quantized and takes values in the 
Kaluza-Klein lattice such that the 5D integral is defined as 

fA,= fAi^y^ ^K=z/R. (20) 

J (27r)5 J 27r)4 27ri2 f-^ 

The volume of the Kaluza-Klein lattice is given by Vo\k = 

To construct the orbifold 3^/7^2, we need to divide out a Z2 point group. We implement the Z2 
action as a reflection y ^ —y. This implies that the derivative in the extra dimension transforms as 
c?5 — > — ^5. The fundamental domain of the 3^ 1^2 orbifold is the interval [0,7ri?]. It has two fixed 
points located at y = and y = vr/?. The delta function that peaks at these two fixed points is given 
by 5(2?/) and can be expanded into 

b(2y) = \ (5(y) + 5(y - vri?)) . (21) 

The normalization using the number of fixed points, 2 for 5*^/^2, ensures that the integral of this 
delta function over the circle is unity. 

To describe the five dimensional hyper multiplet coupled to the gauge multiplet on this orbifold, the 
fields have to be orbifold compatible such that their action is invariant under the orbifold symmetry. 
This means that they must transform covariantly under the orbifold action 

^ ^ -^>_Z, V ZYZ, 3 -Z3Z. (22) 

Such orbifold compatible (super)fields and sources can always be constructed by taking suitable linear 
combinations of the fields defined on the covering space and their Z2 reflections. Invariance of the 
action implies that the transformation of the hyper and vector multiplets are encoded in a single 
unitary matrix Z. Because this is a Z2 action, the matrix Z fulfills = 1. Hence Z is a real 
symmetric matrix with the eigenvalues ±1. As it is often convenient to make the adjoint indices on 
V and 3 explicit, we introduce the matrix Q^j to write the transformation rules for the V and 3 
superfields as 

V'^Q'jV^, 3'^-Q'jff, Q'j = tv[T'ZTjZ] (23) 
The invariance of the action requires that the matrix Q fulfills 

Q\' Q^j' V ij = Vi'j'^ fijk Q\' Q^j' Q^k' = fi'j'k' , (24) 

such that it is orthogonal with respect to the Killing metric rjij. We infer that all matrix elements Q^j 
are real. And due to the Z2 symmetry we know that = II and hence Q is a real symmetric matrix. 
In the computation of the one loop self-energies, see section |^ we will be making frequent use of the 
properties of the matrices Z and Q. 
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For such Feynman super graph computations using the path integral formaUsm it is important 
to know the orbifold compatible delta functions obtained by functional differentiation w.r.t. orbifold 
compatible sources: 



<5J+la 4 21 b, ^j^^^ ^ 21 a, ^j^^j 21 J' ^j^^j 4 21 



Because (except for Jy) all these sources are chiral, the functional differentiation w.r.t. them leads 
to chiral delta functions in superspace: —^D'^6^{62 — Oi)- For later convenience we have defined 
the superspace orbifold compatible delta functions, indicated as 6, containing full Grassmann delta 
functions 6^(62 — Oi). As a consequence, the factor —\D^ appears explicitly for the chiral sources in 
H25|) . The Z2 properties of orbifold compatible fields imply that 

J+ ^ J+Z, J_ ^ -ZJ_, Jv' ^ Q'j V, Js" -Q'j Js^- (26) 

where we have used the orthogonality of Q in (|24() . From the transformation properties of the sources 
we infer that the orbifold compatible delta functions are given by 



O2I b — 


1 

2 


{S\d{y2 


-yi) + Z\5{y2 + yi)) 8\x2 


- xi)6\92 - 


Oi), 


"21 a — 


1 
2 


{s\Siy2 


-y^)-Z\5{y2 + yi)) 5\x2 


- xi)6\e2 - 


Oi), 


liV)i _ 
"21 j — 


^1 


[S'j6iy2- 


-yi) + Q'j5{y2 + yi))s\x2- 


■xi) 6^02-^ 


Oi), 


"21 j ~ 


li 


[S'j 6{y2 - 


-yi)-Q'jKy2 + yi)y\x2- 


Xl) d\92 - ( 


h). 



(27) 



These delta functions are the key elements of our formalism for calculating Feynman graphs directly on 
the orbifold, since they contain all the geometric information about the orbifold compatible superfields. 
Therefore, it is important to develop some of their properties: All delta functions are symmetric in 
their spacetime and gauge indices, while under a reflection of either yi or y2 the delta functions 
transform as 

"21 a "21 b ; O2I j ^ H i' "21 j 1 "21 3 ~^ i ^21 j ■ V"^"/ 

In calculating amplitudes one often makes use of partial integration. But as the delta function is a 
function of two coordinates (^2,^2) and (a;i,yi), one sometimes needs to change the coordinate w.r.t. 
which a derivative ^5 acts before one can perform the partial integration. When this acts on the 
delta function, the change of the coordinate may not only bring in a minus sign as one expects, but 
may also switch between the types of delta functions: 

(55)2 = -(95)1 4T^% , (^5)2 SZ^', = -(55)1 4f , (^5)2 ^l?^- = -(55)1 (29) 

With this technology we are ready to perform supergraph computations on the 5D orbifold 8^/1^2 
in sectional But before that we extend this discussion on the classical level to 6D and the orbifold 

r7z2. 



8 



3 Hyper and non-Abelian gauge multiplets in six dimensions 



In this section we extend our 5D analysis of the previous section to 6D supersymmetric theories on 
T^/Ztv- As this is in principle straightforward and in order to avoid many repetitions, we only indicate 
where we encounter modifications. Most of these modifications have to do with the question, whether 
the 5D derivative dr, has to be replaced hy d = + iOq or B = — id^. Here we employ complex 
coordinates z = ^{x^ — ixq) and z = ^{x^ + ix^). To make these modifications easy to trace we use 
the same structure for this section as was employed in section |21 Since the properties of the orbifold 
T^/Ztv are more complicated than those of ^^2, we describe them more explicitly. 



3.1 Classical hyper and gauge multiplet actions 



The only terms in the hyper multiplet action that are changed contain the 5D derivative operator 
^5 and take the form: 



5// D d^x j (fe^-d^+ - j 



(30) 



S 



-2A 



The supergauge transformations are the same as the 5D transformations ((21) except for the superfield 
5, which transforms as 

's + ^8)e- (31) 

Notice that in both these expressions the holomorphic derivative d appears only in those places where 
chiral superfields are present. 

For the vector multiplet the derivative term, i.e. the last term in has to be modified to 



Sv D d^x d^etr 



1 



V2 



1 



V2 



-2V 



1 



-2Vr^2V 



(32) 



Notice that in the 6D case it is not possible to represent this result in terms of a single gauge covariant 
vector superfield like the superfield V5 defined in (|11). In addition to this obvious modification a 
Wess-Zumino-Witten term has to be added in order to preserve the supergauge invariance [43] . 



3.2 Propagators, gauge fixing and ghosts 

The propagators for the hyper multiplet in 6D, 



5„. . J_) ^ ( ](■';]. ,33) 



are the direct generalization of the expressions given in Q. Only in those places where a single 
derivative appears, it is not automatically obvious if it has to be replaced by d or d. 
For the vector multiplet in 6D the gauge fixing functional H1U|) is generalized to 



6 = ^(^2^ + 155) 



(34) 
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and the restriction to the highest component now yields 



D 



1 



— G| = -^{aC + D + deA^ - d^A^, + i^AfA^O 



(35) 



Hence the imaginary part gives rise to a 6D Lorentz invariant gauge fixing for the vector field Am- 
Following the same computation for the gauge fixed propagators then gives rise to 



5v2' 



-1 ^ 

4 ^u + dd 



Jv + Js 



-1 



Js 



(36) 



Since in the 5D propagators (|14j) only d"^ are present, this 6D results is precisely as expected. 

Finally, in order to determine the ghost propagators in 6D we have to take into account the 
following modifications: The infinitesimal version of the 6D transformation law (|3H) for the superfield 
S reads 

5kS = V2dk + 2[S,K\, (37) 
and requires the last two terms of the ghost action l|17() to be modified to 



(Fx (TO tr 



C- [V2dC -2[S,C]) + C'- ( V2dC + 2 [S, C] 



□ 



(38) 



As for the vector multiplet, this leads to the obvious generalization of the ghost 5D propagators (|18|) : 

1 . 1 



>gh2 



(Fx(f Oil 



J'r 



iJc - J'c 



Thus, we see that the propagators in 6D are to a large extent simple generalizations of the 5D 
propagators given in section U7I\ Therefore, we use the same conventions to draw the propagators in 
6D as given inQ] 

3.3 The six dimensional orbifold T^/Z^r 

Next we consider the compactification of the 6D multiplets on the orbifold T^/Zat. Because the torus 
is compact, the only possible values for the orbifold order N are 2,3,4,6, but we will keep our 
discussion general here. The torus is defined by the identifications 



(39) 



z ~ z + A- 



W: 



A 



w 



(40) 



Here A\y denotes the winding mode lattice of the torus with the volume VoIvk = (27r)^i2ii?2 sin 6*, 
where -Ri and i?2 are the radii of the torus and 9 defines its angle, i.e. 9 = tt/2 gives the square torus. 
Inspired by the string literature, we can introduce the complex structure modulus U and the Kahler 
modulus T of the torus 



llm (T) 
Im ([/) 



(Z + UZ) 



U = ^e'' 
Ri ' 



T = ii?ii?2 sm9. 



(41) 
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In terms of these variables the volume of the torus reads Voliy = (27r)^ Im (T). The momenta p and p 
of the torus mode functions 'ijjp{z,z) = q^'^^+p^) are quantized: p lies on the Kaluza-Klein lattice A.k 
(and p on the complex conjugate lattice). The 6D momentum integral is defined as 

(2^ = y (2^(2vr)^Im(T)^g ' = (T)Im (^) + " ^''^ 

The volume of the Kaluza-Klein lattice is given by YoIk = 1 /Im (T) . 

To define the orbifold T'^/'I^j\f, we implement the Z^v action of the orbifold group as z — > e~*'^z, 
with (f = Consequently, the holomorphic derivative d transforms as 5 ^ e*'^9. The delta function, 
that peaks at the orbifold fixed points Zf, is given by 

6' ((1 - e^nz) = ,, . \ „ E - ^/)' (43) 
4| sm ^ip\^ ^ 

in terms of the torus delta function (5^(2;). The factor 4| sin \^\^ equals the number of fixed points of 
the TV^tv orbifold. 

The hyper and gauge multiplets on the orbifold need to be covariant w.r.t. the Zjv orbifold action. 
Hence, their transformation behaviour under z — > e~*'^z is found to be 

(44) 

with the properties = = 1, because the transformations are Zjv actions. Invariance of the 
action requires in addition that the matrices Z^ and Z_ be unitary are related to each other via: 
Zj^Z-e^^ = 1. Therefore, we only need the matrix in principle, however, it turns out to be 
convenient to keep using the notation Z±. The transformation rules for the V and S superfields with 
the adjoint indices made explicit are given by 

V' Q'j W 5^ ^ 6+^"^ Q'j S\ Q'j = tv[TZ+TjZ+\. (45) 

This implies that all matrix elements Q*i ^-re real. Invariance of the action requires Q to have the 
properties (|24j) and = 1 as it defines a Z^r action. The reduction to the Z2 orbifold group with 
If = IT and Z^ = — Z_ = Z is interesting, because then many of the properties of the 5D case, discussed 
in subsection I2..S1 are recovered. 

To obtain the orbifold compatible delta functions for the various superfields, we write down the 
transformation behaviour of orbifold compatible sources under z — > e~^'^z 

J+^J+Z:^\ J„ ^ ZI V_ , Jv' ^ Q'j Jv^ , Js" ^ e-*^ Q'j Js^, (46) 

where the orthogonality property of Q in (|24j) has been used. This is also reflected in the orbifold 
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compatible delta functions for the T'^ /'Ln orbifold 

7V-1 



"21 b 



hi a 



"21 J 



"21 j 



6=0 
, N-l 

6=0 

AT-l 



zi)6\x2-xi) 5^02-91), 



(47) 



6=0 
N-l 

E' 

6=0 



:5'(^2 



'Zi)54(x2-Xi) 54(^2 -^l), 



,ibip 



■5\Z2 



Jbip 



zi) 6^{x2 - xi) 6^ 



Under Z2 ^ e ^^Z2 these delta functions transform in the same way as the corresponding sources 



5(±)a 
021 h 



\ a' 6 



and under zi — > e inversely 



O21 6 



[^±]"a' ^21 



{±)a' 



hi j 



hi j 



iV)i' 
I' ^21 j ' 



-'21 j 



21 i' 



i' 021 i ' 



^21 j 



J «' "21 J- 



(48) 



(49) 



In contrast to the orbifold compatible delta functions 1)27^ in 5D, these delta functions are no longer 
symmetric in their indices: The exchange of the spacetime labels results in 



"12 b 



^21 6 



"12 j 



hi j ' 



"12 j 



"21 j ' 



(50) 



because and are unitary and Q is orthonormal. Derivatives with respect to the compactified 
coordinates always act on the 6'^{z2 — e^^^zi) factor. Therefore, changing a spacetime index of such a 
derivative also changes the type of delta function as 



-djfi^ 



O2O21 j 



-di I 



iV)i 

21 J ' 



02 j 



(51) 



Notice that for the hyper multiplet delta functions also a complex conjugation is performed. 

This completes the discussion of the supersymmetric field theory on the 6D orbifold T^/Z^v- We 
have seen, that even though many properties are very similar to the ones encountered for the /Z,2 
orbifold discussed in subsection 1)2. 3() . there are also some important additional complications in the 
6D case. 



4 Quantum corrections in the 5D theory 

This section is concerned with the calculation of the running of the gauge coupling of the 5D gauge 
multiplet due to vector and hyper multiplets on the 5D orbifold /1i2- The classical action and the 
propagators were given in section |2I Here we first write down the vertices, after that we evaluate the 
Feynman graphs that lead to a correction of the gauge coupling at one loop. The relevant vertices 
are obtained by expanding the action: To construct genuine self energy supergraphs we need three 
point interactions, and to generate tadpole (seagull) graphs four point vertices are required. Hence it 
is sufficient for us to expand the action to fourth order in the fields. 
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Figure II: These vertices encode the self interactions of the gauge muUiplet involving the vector superfield V 
and the chiral superfield S. 

We perform these Feynman graph calculations directly on the orbifold with the help of our orbifold 
compatible delta functions (|27)1 obtained in section [21 The combination of all these graphs can be 
divided into two types: One part of these amplitudes corresponds to bulk effects that are also present 
when the 5D theory is compactified on the circle rather than on the orbifold jTL^. The other part 
of the amplitudes is sourced by the orbifold fixed points. The divergent piece of the bulk amplitudes 
is proportional to the quadratic vector multiplet action Q and therefore leads to the renormalization 
of the bulk gauge coupling. The divergent piece of the amplitude sourced by the fixed gives rise to 
renormalization of the gauge coupling at the 4D fixed points. In addition to this, the part of the bulk 
superfield S that is not projected away at these fixed points receives wave function renormalization. 
We calculate the divergences and determine the counter terms. 



4.1 Gauge multiplet contributions to the vector multiplet self energy 



In this subsection we compute the one loop vector multiplet self energy due to the vector multiplet 
self interactions. Because of the gauge fixing described in section IT^ we encounter the superfields V ^ 
S and the ghosts C, C in the loops. After describing the vertices we list the resulting diagrams. 
Performing the expansion to fourth order in the gauge sector Q leads to the following interactions 



A5v D / (Fxcreti 



-^[V,D'^V\D^D^V -^[V,D''V]D\V,D^V] - ^ 



[V,[V,D''V]]D'^D^V+ 



+y/2d^V[V, S-S]- 2S[V, S] + h^V[V, [V, d^V]] - ^V2d5V[V, [V, S + S]] + 2S[V, [V, S]] 



(52) 



To indicate that we display only the terms of the expansion up to fourth order we use the notation "d" 
instead of "=" . In deriving ()52() from @ we have rewritten the (anti-)chiral superspace integrals into 
full superspace integration in the standard way. We use the convention that the derivative operator 
only acts on the field it is immediately adjacent to. The interaction vertices have been collected in 
figure ^ 

In the ghost sector we obtain the following interactions from the expansion of (|17|1 



{C + C')[V, C-C] + ^/2%C'[S, C\ - ^/2^C'[S, C] + 



□ 



□ 



(53) 



+-{C' + C')[V,[V,C + C]] 
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Figure III: The ghosts C and C only interact with the vector multiplet superfields V and S. 



These vertices are depicted in figure HTll One might worry about a possible non-locality of the inter- 
action of a y field with two ghosts C and C in (|5,Sj) . because the term contains a four dimensional 
d'Alembertian operator □ in the denominator. But such terms do not necessarily pose a problem, 
because physical amplitudes may also contain a bunch of supercovariant derivatives, which give rise 
to additional □ operators in the numerator so that cancellations can take place. In our calculation 
this issue does not arise at all, because it is impossible to construct one loop corrections to the SS 
self energy with ghosts in the loop. The only graphs that could be constructed would be one loop 
contributions that are purely chiral, such that they vanish upon superspace integration. 

The supergraphs for the gauge corrections due to gauge interactions consist of the VV , SS and 
VS self-energies, depicted in figures IIVI and In the first line of figure IIVI the genuine self energy 
graphs are labeled HVl A to IIVI D. Because there are two ghost propagator diagrams. IIVI D gives rise to 
four contributions. We will use this notation to refer to these supergraphs throughout the remainder 
of this paper. Similarly, we use the notation IIVI E to IIVI G to indicate the tadpole supergraphs in the 
second line. The contributions from these tadpole graphs are necessary to cancel non gauge invariant 
terms from the total amplitude. The first three graphs in figures are the SS self energy diagrams. 
Finally, figure gives the self energy due to the mixing between S and V . 

We have calculated all graphs directly on the orbifold. The results are given in appendix 1^ as 
they appear in the more general calculation in 6D which we discuss in section [SJ the reduction to the 
5D case is straightforward. Before we turn to discuss the result of the full amplitude evaluated in 
the bulk and at the fixed points, we would like to illustrate the main steps that are required for the 
calculation of such supergraphs on orbifolds by considering one such graph in particular. 

4.2 Example of supergraph computation on an orbifold: W self energy graph 
due to S superfield 

To illustrate the self energy computations on orbifolds, we have chosen the VV self energy contribution 
due to the chiral superfield S depicted in figure lTvl A. As a supergraph it is quite simple and therefore 
we can focus on the special issues of computing diagrams on 5*^/^2. These techniques can easily be 
extended to 6D orbifolds like T^/Z^v- 

The relevant SVS interaction term, given in (|52j) . is used twice in diagram IIVI A. To calculate 
this self energy graph the S and S superfields are replaced by the corresponding sources that act on 
the exponential of the propagators (|14|) . After functional derivations we obtain orbifold compatible 
delta functions H27|l (indicated by the twiddles), so that the expression for the supergraph IIVI A on 
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Figure IV: The gauge contributions to the VV part of the gauge multiplet self energy are due to the Itself 
couphng, the interactions with the chiral supcrficld S and the ghost supcrfields C and C . In the first hne the 
genuine self energy graphs are labeled Hvl A to II VI D. The tadpole graphs on the second line arc referred to as 
ElE toUVlG. 



the orbifold reads 

|IV|A = 2 fijkUmn 



'P+di)2 16 



"32 P' ^ 



(54) 



Here we have used that in the 5D case there is no distinction between the orbifold delta functions for 
S and S: 6^^^ = 6^^\ First we try to replace as many orbifold compatible delta functions by ordinary 
delta functions as possible. This is always possible for all but one delta function. The strategy to 
replace an orbifold delta function by an ordinary one is always the same: One expands the orbifold 
delta function into a sum and performs a substitution such that all the summands are equal. 

For example, we can replace the first orbifold delta function in the final factor in the expression 
((51]) for diagram II VI A. We begin by expanding the first delta function 



1 



X 2 [K^iy^ - v^) - Q<rKy^ + y2) )5"(x4 - X2)5\e^ - 62) 



{a+dl)i 16 



■^41 q' 



We perform the reflection 7/4 — > —y^ to show that 



I dy, <5(y4-2/2)??^^'Sf,'', 



(55) 



(56) 



where we have used the transformation properties (|28|) of S'^^/'^ and the orthogonality of Q in ()24() . 
Here we have not copied the propagators because they contain (5| which is invariant under this refiec- 
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tion. Substituting this back into the original expression, we obtain 



DlDl ~(s) , 

(□ + a|)2 16 P' 



X 5{y, - y,)5\x, - x,)6\e, - 6,)^^^^^^ 4?™^ (57) 

Hence we have removed the orbifold projection on the first delta function. 

In the same fashion we can remove one of the orbifold delta functions in the first factor. We choose 
to make the replacement 

~4f p' ^ K ^(y^ - yi)^^i^3 - x^)5\e-i - e^). (58) 

Now we can integrate over [x,6)^ and (x,0)4 and are left with 

raA = 2/,,A.„„/{<i=.d'«), vivij^^^iW-'j^^^i'S""- (59) 
We can replace one more orbifold delta function. We choose to expand the second delta function 



1 dW^ 1 



X 2-2 



- {v"''S{y2 - yi) - Q™'5(2/2 + yi))6\x2 - xi)5\e2 - ^i). (60) 



(□ + a|)2 16 

Performing the transformation yi — > —yi one shows that 

-hjk Q""' [ dyi Vt 6{y2 + yi) 4?"^' = hjk v"^" I dyi VI 5{y2 - yi) 4?"^- (61) 



Here we used that both the transformation of V in (|23p and of the orbifold compatible delta function 
in (|28j) bring in a matrix Q. Then we applied the orthogonality property of Q in (|24|) in order to 
place the indices of all three Q's alike. Subsequently, we took advantage of the fact that three Q's 
contracted with the structure constants leave the structure constants invariant as found in (|24|) . Thus, 
we find 

EDA = 2/„./,„.„,"'/ v;v^ 4?- (^,^ 

Hence we see that in this diagram we have been able to replace all but one orbifold compatible 
delta functions by ordinary delta functions. The final step in the evaluation of this diagram in the 
coordinate space representation is to make the expression local in the Grassmann variables. Making 
use of standard identities for the covariant supersymmetric derivatives, we perform the integration 
over 02 

+ 2 VM , "'ax 7 4l • (63) 

(□ + 9|)2 2^ (°+5|)2 
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ABC 

Figure V: The SS self energy graph is given in figure A. The mixing between the 4D superfields V 
and S corresponding to the third term of © is renormahzed by the diagrams IVlB and^C. The last 
diagram has ghosts in the loop. 



Since the expression only contains 9i, it is local in 9i and we simply dropped the subscript "1" on 9. 

The structure of the calculation is the same in 5D and in 6D except for the fact that the orbifold 
compatible delta functions involve summands instead of two. The result for the 6D counterpart 
of the example calculation can be found in ()A.1|) in appendix ^ One observes that the reduction of 
the 6D result to 5D is straightforward by making use of the fact that 6^^^ = 6^^^ . Hence we refer to 
appendix 1^ for the expressions for the other diagrams in figure HVl 

We note that in this example it did not matter which of the two last orbifold delta functions we 
replaced, the result is the same. For some other diagrams that we have computed, however, the final 
result depends on which of the last two orbifold delta functions one replaces. As both possible forms 
are correct, one can use a linear combination of the two final expressions to make some cancellations 
explicit. This happens in particular if we encounter a 6^^^ and a 6^^\ For example we will see in 
section 14.31 that due to such a cancellation only a bulk contribution is left over in the supergraphs 
El For this reason we have given the expressions for the other diagrams in appendix ^ and in the 
remainder of the chapter at the level of two orbifold compatible delta functions. 



4.3 Vector multiplet renormalization due to self interactions 

Now we turn to discuss the result of the combined amplitude of gauge multiplet self energy due to self 
interaction in the bulk and at the fixed points. This amplitude consists of four parts SyVi ^VSi ^vs 
and '^ss^ because the vector multiplet is described by the 4D superfields V and S. 

The VV self energy arises from the supergraphs IIVI Using the results for these graphs given in 
appendix lA.ll this self energy is found to be 

Syy = f.jkfimn [ {d'x)ud^9 \ - 3 V^a^PoV' ^S'^'^'^ ^n 1 ^2^"'+ (64) 

This expression still contains two orbifold compatible delta functions. In the first term in (|64() it 
does not make a difference which orbifold delta function we replace by an ordinary delta function, 
because they are both of the same type: 6^^^\ As the remaining delta function contains a 

sum, see ()27|) . both bulk and fixed point contributions have the same sign. For the second term in 
(jnU, we conclude that the fixed point contributions have the opposite sign as compared to the bulk 
contribution. Only for the last term it makes a difference which delta function we reduce. To take 
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possible cancellations into account, we write the amplitude as half of the sum of both possibilities to 
reduce one delta function. Then the fixed point contribution of the last term in 1)64(1 vanishes, leaving 
only a bulk contribution. 

For the same reason also the VS, VS and SS self energies, given in figure only have a bulk 
contribution, because their two orbifold compatible delta functions expressions are given by 



'VS 



1 



1 



for VS, the complex conjugate for VS, and 



(65) 



^SS — '2 fijkflmn / {d^ x) (f 9 S\S 2 



jr'5(^)m.i 

{^ + dl)2'' 



(66) 



for the SS self energy. 

By combining these results and expanding the final orbifold compatible delta functions according 
to their definitions in (|27() . we can identify the bulk and fixed point contributions. The bulk amplitude 
is obtained by taking their summation index 6 = 0, and it can be expressed as 



= kkhmnV'^'r^^'' / {d'>x)i2d''9 \ - V{ DsPo + 55^/95^^2' - ^295^1^(5^ + ^2^ + S\S[ 



^(2/2 - y\) 



(□ + dl)2 



S{y2 - yi)- 



(67) 



The Z2 fixed point contributions of l|64p - l|66|) are simply the 6 = 1 terms in the expansion of the last 
orbifold delta functions. As we have explained above, the only non-vanishing self energy contribution 
at the fixed points is given by 



^r"" = '^f^,kfimnV'^'Q''^ / {d'x)i2d'' 



■V^D2PoVi 



1 



Ky2-yi) 



1 



5{y2+yi). (68) 



Both the bulk and the fixed point contributions are divergent and therefore need to be regularized 
and renormalized. In the next subsections we perform this task. 



4.3.1 Bulk renormalization 

We now compute the divergent bulk scalar integral corresponding to ()67() . Because we need to perform 
the same analysis in the 6D situation in sectional we already employ a suitable notation which has a 
straightforward reduction to 5D. 

The 5D bulk contribution (|67|) has the structure 

Td= f {d'^x)^^ A{x^)B{x2)——^ ^'^21 ,^^ J ^521, (69) 

J ' (□ + aa — m"^)2 (□ + aa — 777,^)2 

with m an infrared regulator mass. Here 621 denotes the delta function on the circle or the torus in the 
5D and 6D case, respectively. (For our application here in five dimensions one replaces dd — > 9| and 
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uses z = y, z = 0.) We insert a Fourier transformation ()B.1|) to represent this integral in momentum 
space as 



22 J (2^)^ 



VolwA{k,l)B{-k,-l)lD, 



(70) 



£eAK 



where Voliy is the volume of the circle or the torus in the 5D and 6D cases, respectively. The /u 
dependence is a result of our Fourier transformation conventions El Here k is the continuous external 
momentum in 4D and n the discrete Kaluza-Klein momentum in the extra dimensions. In order to 
find the counter terms, we need to calculate the divergent part of 



Id 



— E 



1 



1 



(27r)'^ VoV + + rin? {p- k^ 



\n 



m 



2 ■ 



(71) 



This has been done in sectional We extend the 4D momentum integral to d = 4 — 2e dimensions. As 
notation we keep D — d to he either 1 or 2, so that also the total number of dimensions D becomes e 
dependent. The divergent part takes the form 



In 5D the second term is not present, i.e. 



1 



while in 6D we find 



ai 



1 r/1 



(4vr) 



ai 



\m\ 



a2 = 0, 



— + In — t; ]m + m 



1 1 



02 = - 



6 (47r) 



- + In — K 

e 



(72) 



(73) 



(74) 



where 1 = 7 — 7 + ln47r. In 6D the second term in 1)72(1 is present because a2 7^ 0, and it requires the 
introduction of a higher dimensional operator in the action. Transforming back into position space we 
obtain the local terms 



div 



d^X 



ai A{x)B{x) - Q2 A{x) (□ + dd) B{a 



(75) 



Turning back to the 5D case, we find that the local one loop counterterms which cancel these 
divergencies read 



cgaugc 
^bulk 



-1 



\m\ 



d^x d'^e'trAd 



V aPoV + d5Vd5V - ^2^5^(5 + S) + SS 



(76) 



4.3.2 Fixed points renormalization 

Next we discuss the renormalization at the fixed points, starting from l|68|) . As in the previous section 
14.3.11 we perform the discussion such that it can be applied in both 5D and 6D. The structure of (|68() 
is 



Jd = J{d''x)uA{x^)B{x2) 



□ + 95 — 777,2)2 



S[Z2 



e'^^zi 



[n + dd- 7772)2 



5(^2-^1), (77) 
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Figure VI: These interaction vertices involve the coupling of the gauge superfields V and S to the hyper 
multiplet chiral superfields and 



with obvious reduction to five dimensions, and where in the delta function only the compact dimensions 
have been indicated for notational simplicity. In momentum space 



Jd 



1 



22 J (27r^) 



2d 



{2TT)'^Aik, e'^'^h + £2)Bi-k, -4 - h) Jo- 



(78) 



h/2 



The divergence is due to the 4D integral 



(27r)^ + {p- ky + \i2\^ + 771"^' 

which is calculated in (|D.9() . One obtains after the transformation into position space 



(79) 



Jd 



div 



1 , f^' 



- + ln^ d'^xid^z)^^ A{x,zi)Bix,Z2)S\z2-e""^zi)6\z2-zi). (80) 



This expression is local in the uncompactified 4D directions. In the compactified dimensions, it is 
localized on the fixed point, because of the two delta functions with the two different arguments. We 
apply the result to H68|) in order to find the counter terms that cancel the divergencies on the fixed 
points 

o / 1 ,,2 X r 

d^xd'^etiAd 



cgauge 



(47r 



2 /I /.^ 
+ In — 



QV{x,y)nPoV{x,y) 6{2y). 



(81) 



4.4 Vector multiplet renormalization due to a hyper multiplet 



The calculation of the hyper multiplet contributions to the vector multiplet self energy is similar to 
the computation of the corrections from the gauge sector. For the hyper multiplet action the 
expansion to fourth order gives rise to the interactions 



AcSh D j d^xtr j d'^e^±{±2V + 2V'^)^± + j d^eV2^^S^+ + j d^6V2^+S^^ 



(82) 



We have depicted the corresponding vertices in figure IVTl 

The supergraphs with the hyper multiplet in the loop are depicted in figure IVIII The graph 
IVIII A-i- contains the propagators that connect the chiral sources J± with the anti-chiral sources J±, 
while diagram IVIII B involves the chiral sources J+ and J_. This diagram also has a Hermitian 
conjugate partner, which we refer to as IVIII B. The tadpole graphs are the final diagrams IVIII C-u. 
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Figure VII: The gauge multiplet receives VV self energy corrections from the hyper multiplet. The 
proper self energy graphs are labeled IVlll A-i- and lVUI B. The tadpole graph is denoted bv lVlll C-i-. 



The VV self-energy takes the form 



'VV 



Vi 



{d^x)^^d^e tr 
1 



V, 



=5(-) 

^21 ^2P0 ^2 



1 



(°+5|)2 
?5(-) ^ ^ 1 



-5{+) 
^21 + 



(83) 



The VS and SS self-energies are given by 

T.ys = - 2V2 I (d^x)^2 tr 



+ 2 55^1 



1 



f5(-) 
''21 



5i 



1 



1 75(+) ^ 1 



?5(-) 



?5(+) 



52 



1 



?5(-) 



:^+9i)2 '(□+9|)2 



(84) 



(85) 



where the VS term is just the complex conjugate of the result for VS. The corresponding diagrams 
are given in figures IVIIII Here it is interesting that it does not make a difference which last delta 
function is removed. This is in contrast to the self-energy results from the gauge sector where one had 
to be careful not to miss important cancellations. 

The bulk amplitude is found by replacing one more orbifold delta function, expanding the remain- 
ind orbifold delta function and taking the 6 = contribution 



hyper 
bulk 



j {d^x)^^ d'^e tr [ - 1/1 DsPo V2 + d5Vid^V2 - V2d^Vi{S2 + §2) + S1S2] x 



(□ + dl), 



Hy2 - yi) 



^{y2 - yi] 



(86) 



By adding the contributions with one of the two orbifold delta functions removed we find that at the 
fixed points 



^hyper 
^fp 



^ j {d^x)^^ d^9 tT[[d^Vi, Z]d^V2 - V2[d^Vi, Z]{S2 -82) + Z]S2] 



S{y2 - yi) 



1 



5{y2 + yi)- 



(87) 



{n + dl)2 {n + dl)2 

This shows that in the case when Z is proportional to the identity and in the Abelian case the 
amplitude vanishes at the fixed points. 
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Figure VIII: The gauge multiplet receives SS self energy corrections from the hyper multiplet as 
is depicted in figure IVIIII A-i-. In addition the hyper multiplet gives rise to mixing between the 4D 
superfields V and S, see IVIIII B-i-. 

4.4.1 Bulk renormalization 

As in subsection 14.3.11 we can extract the divergent parts and determine the counter terms, which 
leads to 

'^bufk' = J^2\^\ J d^'^d^^ tr[-VaPoV + d^Vd^V - V2d5V{S + S)+SS 
for the correction due to the hyper multiplet. 

4.4.2 Fixed Points renormalization 

At the fixed points we can write the counter terms as 

55f-^ = ^(J + ln^) / d^xd^etrZ[S-V2d,V,S-V2d,V] 5{2y)^ 

after we have extracted the 4D divergent parts. As we saw at the level of the amplitude, in the Abelian 
case the hyper multiplet does not induce a correction at the fixed points. The {d^V)'^ parts of this 
expression have been obtained before, see |I7| . 

Moreover, note that this expression is not gauge invariant. The non-linear extension 



5Jf Pf = f 3 + In At ) / d^xd'^O trZ 



1 . \ 9V / „ 1 



S - ^d,y As + ^d^e-^""] 5{2y), (90) 



^fpn.i.ext 2(47r)2Ve ^2) J ------ l\- ^^V^ ' ' ^2 

is gauge invariant w.r.t. the zero mode supergauge group, which is defined by SsA = 95A = and 
[Z, A] = [Z, A] = 0. The second condition is a consequence of the orbifold projection at the Z2 fixed 
points. However, for the full supergauge group at the fixed points d^k and SsA do not necessarily 
vanish and do not commute with Z. Consequently this expression, as it stands, is not gauge invariant 
under the full bulk gauge transformations. As we will speculate below ()97() this might be cured by a 
Wess-Zumino-Witten-like term. 

5 Quantum corrections in the 6D theory 

The approach to calculate the gauge coupling running on the 6D orbifold T^/Z^v parallels the procedure 
described in 5D. Therefore, it will suffice for us to indicate the points that deviate from our treatment 
in the preceeding chapter. 



22 



5.1 Gauge multiplet contributions to the vector multiplet self energy 

The following gauge field self interactions l|52|) change, because they contain the 5D derivative operator 
d5 



A5v D / cfxd^etv 



V2dV[V, S] - V2dV[V, S] + 



(91) 



+^dV[V, [V, dV]] - ^V2dV[V, [V, S]] 
and the interaction in the ghost sector H53|) changes as 



';V2dv[v,[v,s]] 



-d 



d 



V2-C'[S,C]-V2-C'[S,C] 



□ 



□ 



(92) 



We already mentioned above that in 6D gauge invariance requires the presence of an additional WZW 
term for the gauge multiplet V jlH] • This term leads in principle to a three point gauge field self inter- 
action. However, it turns out that all graphs that can be constructed with this additional interaction 
add up to zero because of the symmetry of the structure constants. Thus, for our calculation, in 6D 
we are left with the same set of relevant graphs as in the 5D situation. 



5.2 Vector multiplet renormalization due to self interactions 

The resulting expressions for the amplitudes are consequently also very similar to the ones given in 
the 5D case on the orbifold 5^/Z2 which we discussed in section^ There are of course the obvious 
modifications of the dimensionality of the integration measure and 9| dd. In particular, the effects 
of the vector multiplet self interaction given in section are modified as follows: The Syy self energy 
is the same as in (|64() except for the term that involves derivatives w.r.t. the fifth dimension. That 
term is modified to 
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(□ + 95)2 
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(□ + dd)2 



hi 



(93) 



Also the mixing between V and S given by the amplitude H65|) involves a derivative. In the 6D case 
it reads 



^VS ^ —'^^fijkft 



{d''x)i2 d^edvisi 
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■MV) 



{u + dd)2 {n + dd)2 

The amplitude does not involve any single c^s, so that its generalization to 6D is obvious. 



mj 
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5(§)nk 
21 



(94) 
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5.2.1 Bulk renormalization 



Taking these modifications into account we find the following expression for the counter terms in the 
bulk 



1 / d'xd^etTAd 



3 (47r)3A^ Ve m2 



VaPQV + dVdV - V2{dVS + dVS ) + SS 
V aPo{n + dd)V + dV{n + dd)dV+ 



+ 



-V2 dV{a + dd)S - V2 dV{n + dd)S + S{n + dd)S 



(95) 



We note that the expression in the second line is the quadratic approximation of the kinetic action of 
the vector multiplet, see ©• The remaining part of this expression corresponds to the renormalization 
of the quadratic approximation of the higher derivative term. 

We have also encountered these effects in the Abelian case in 5D and 6D, which we studied in 
jl8j . By gauge invariance we can infer some additional effects. As we reminded the reader below (|l-{2|) . 
the action is not gauge invariant unless also a Wess-Zumino-Witten term is added [13]. Therefore, 
to preserve gauge invariance, also this Wess-Zumino-Witten term has to be renormalized. Moreover, 
because also a higher derivative operator is generated, also a higher derivative analogue of the Wess- 
Zumino-Witten term must exist and renormalize. We have not performed an explicit calculation 
to confirm the renormalization. However, we can say that the Wess-Zumino-Witten term and its 
higher derivative counterpart will have to renormalize with the same multiplicative coefficients as the 
corresponding terms in the quadratic part of the action in order for the theory to be gauge invariant 
at the one-loop level. 

5.2.2 Z2 fixed point renormalization 

Even ordered orbifolds have fixed points which are invariant under a symmetry, where special 
cancellations take place that are not present at the other fixed points. For these Z2 fixed points we 
find the counter term 
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(96) 
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5.2.3 Non-Z2 fixed point renormalization 



At the non-Z2 fixed points we obtain instead the result 



^ ' b=l 



(6 cos hH - cos b{H + if) - cos b{H -Lp)){- VUP^V) + 

+2 cos h{H + ^) {dVdV - y/2dVS - y/2SdV + SS) + 

+2coshH{dVdV - V2dVS - V2SdV + SS)Y'^{{1 - (^^'P)z), (97) 

where we introduced the hermitean matrix H via Q = e'"^. To arrive at this expression we have used 
that the matrices cos hH, etc. are symmetric, which is a consequence of the fact that Q is orthogonal. 
The symbol [N/2]^ is defined as [iV/2]* = ^ for N even and [iV/2]* = ^ for odd. Because we 
have only computed a two point function, this expression for the one loop counterterm is clearly not 
gauge invariant. Inspired by the expression (|l'{2j) . we expect that the non- linear form of (|97)) is given 
by 

^ ' 6=1 

(6 cos 6i/ - cos b{H + (/?)- cos b{H - ^)){^ j (fOWWa + SOWaW^^ + 



+2cosh{H + v?) 



+ 



+2( cos 5/7) [( - -^a + S) e^^ (-^9 + 6"^^ + i^e^^Se-^^] ((1 - e''^)z) . (98) 

This is expression is gauge invariant under the zero mode supergauge group, as defined below (|9U() . 
However, as was discussed there also this term is not gauge invariant under the full supergauge 
transformations. This is not surprising when one takes into account that H32|) is also not gauge 
invariant by itself: One needs to add a Wess-Zumino-Witten term to make the theory gauge invariant. 
Therefore we expect that also the expression above can be made gauge invariant by adding a suitable 
extension of a Wess-Zumino-Witten interaction. 



5.3 Vector multiplet renormalization due to a hyper multiplet 

The expansion of the hyper multiplet action to fourth order in the gauge coupling H82|) remains valid 
in 6D. The self energies Syv^, Sy^, Tjyg and are the same as in 5D except for the changes of the 
derivative operator in the quadratic part of the vector multiplet action which leads to the following 
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replacements in (jHSJ and (|84() 
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(99) 



J^vs = - 2^2 / {d^x)^^ (fe tr 



x6(+) 
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{u + dd)2 \n + dd)2 2^ 



(100) 



while (jSnj stays the same in 6D. After the reduction of one more orbifold projection the bulk amplitude 
for 6 = and the amplitude at the Z2 fixed points of an even ordered orbifold for b = N/2 are calculated 
straightforwardly as in 5D. 

5.3.1 Bulk renormalization 

We extract the divergence and determine the local bulk counter term in 6D 

,2 



-hyper 
'bulk 



-2rin? /I , a 

+ In At + 1 



(47r)3iVVe m? 
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■(^ + ln^ 



(fxd'^e tr 



d'^xd'^e tr 



VuPqV + dVdV - ^/2{dVS + dVS ) + SS 



+ 



3 (47r)3Af Ve 

V2 dV{u + dd)S - V2 dV{n + dd)S + S{u + dd)S 



V □Po(a + dd)V + dV{u + dd)dV+ 



(101) 



In the second and third lines we find the higher dimensional operator which we already alluded to 
above equation (f75|) . 

5.3.2 Z2 fixed point renormalization 

The following counter term is located at the Z2 fixed points of an even ordered orbifold 



?hyper 
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(47r)2Ar Ve 
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2 p 

In / d^x d^e iiZ^'^ ( [S - V2dV, S - V2dV] - [dV, dV] ) 52 (2z) . (102) 



We note that we recover the factors of the quadratic contribution of H32|) enclosed in commutators. As 
discussed below (|97() it is possible to construct a non-linear extension of this term which is invariant 
under the zero mode gauge group, but such an expression is not gauge invariant under the full bulk 
gauge transformations. 

5.3.3 Non-Z2 fixed point renormalization 

The counter term at the non-Z2 fixed points involves the delta function 5^((1 — e*^'^)z) which is 
symmetric under a refiection of b. By summing the contributions to b and —b explicitly and introducing 
the algebra element Aj^ that corresponds to the unitary matrix Zj^ via Z+ = 6*"^+ the local counter 
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term can be written as 



< hyper 
'non-Z2 



(47r)2iV V 




- + In ^) V / d^x d*9 tr [ - ( cos b{A+ + (p) + cos bA+) VaP„V+ 



+ cos b{A+ + if) {dVdV - \/2 dVS - V2 SdV + SS) 



+ cos {hA+) [dVdV - ^2 SdV - V2 dVS + SS) 6^ ((1 - e'^'^)z) . 



(103) 



By formally replacing the matrix A^ by a scalar a_|_ and the trace tr by the square of the charge q'^ 
one obtains the abelian result found previously in |18j . Here we can make the same comments about 
non-linear extensions and gauge invariance as below (|97|) . 

6 Some examples as cross checks 

In this section we would like to give a few illustrative applications of the general formulae for the 
gauge couplings discussed in this paper. In addition, we use these examples to perform some simple 
cross checks of our general results. These checks are inspired by the discussions in ^3] to determine 
the fixed point beta functions using zero mode results on orbifolds and their covering spaces. 

6.1 Hyper multiplet on I'Li 

We consider an SU(N) supersymmetric gauge theory in 5D on j'L2- Besides the vector multiplet we 
take a single hyper multiplet in the fundamental representation of SU(N). The matrix Z that defines 
the orbifold action can be chosen to be diagonal 



where + Ni = N. At the fixed points and in the effective 4D theory the gauge symmetry is then 
broken to 



To compute the bulk and fixed point gauge coupling renormalization we can use the results given in 
section HTll In particular we found in subsection 14.4.21 that there is no gauge coupling renormalization 
at the fixed points. 

We now present a way to check this result by comparing it with the results for the zero modes on 
the circle and the orbifold /I12. First of all the renormalization of the gauge couplings can be 
directly computed by considering the zero mode spectrum. For the hyper multiplet we can write 




(104) 




(105) 




(106) 



These components transform under the orbifold action as 





(107) 
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with / = 0, 1, hence the zero modes <&+o find <I>_i form Nq and Ni representations of the zero 
mode group SU(No) x SU(Ni), respectively. Since these representations are the fundamental and 
anti-fundamental of these gauge groups, we obtain by using the standard beta-functions for super 
Yang-Mills theories 

111, 111,5 / X 

\n^J?, -^^= \n^J?. (108) 



gl{^,) gl 167r2 ^' gl{^,) gl levr^ 

Here we denote with g\ the coupling at scale = 1, and g\{^ii) the coupling at scale [i. In our discussion 
we disregard the gauge coupling running of the U(l) factor, as it does not play a significant role in 
the cross check we consider below. 

We can obtain these results from our local results: By integrating over the orbifold we obtain a 
relation between the 4D zero mode gauge couplings ^g, g\^ the 5D bulk gauge coupling g| and the 
local fixed point gauge couplings g^^ ^ : 

1 _\2t^R 1^ 1 1 _127ri? 1^-^ 1 

Here we have included the appropriate factors of 1/2, because our results are stated on the covering 
circle of size 27r-R rather than on the fundamental domain of the orbifold. In addition, the definition 
of the orbifold delta function ()21|) contains a factor of 1/2. Since we have not included Wilson-lines 
in our analysis, the quantum corrections at the two fixed points are the same, so that the sum simply 
gives a factor of two. In fact, we conclude from (|89() that there is no renormalization at the orbifold 
fixed points, i.e. g'jpjilJ-) = 9} pi is constant. As our notation is indicating InR/g'^ can be interpreted 
as a 4D coupling that runs with fi. To find this dependence, we note that in the bulk there is no 
difference between the theory on the orbifold /Z2 and on the circle S^. On the circle we find at the 
zero mode level one full hyper multiplet in the fundamental of SU(N), hence 



2ttR _ 2t:R ^ ^ ^ 



Inserting this and the fact that the fixed point gauge couplings do not run into ()109() . we see that we 
exactly reproduce (|108)) . This means that the local fixed point computation is consistent with the 4D 
zero mode result. 

Of course in this example the cross check is rather easy precisely because at the fixed points the 
couplings do not renormalize. In the subsequent subsections we consider examples where the fixed 
point contributions do not vanish anymore. 

6.2 Hyper multiplet on T^/Zg 

Now we consider a slightly less simple example of the hyper multiplet contributions to the gauge 
couplings on T^/Zs. The basic logic is the same as in the previous section, so we will be brief and 
only emphasize the new features here. The matrix in this case induces a symmetry breaking of 
the form 

Z+ = diag(l^o,e^<^l7Vi,e2^'^l7V2), SU(N) ^ SU(No) x SU(Ni) x SU(N2), (111) 
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with (j) = 27r/3. And using the corresponding notations for the chiral superfields that form the hyper 
multiplet we find the transformations 



with 1 = 0,1, 2. From this we infer that only $+0 and <I>_2 have zero modes. As these chiral superfields 
live in the Nq and N2 representation, respectively, the zero mode gauge couplings renormalize as 

1 1 1 2 11 111,2 / N 



gl{^,) gl 167r2 ^' gl{^,) gf gl{^i) gl IGvr^ 

In the bulk the contribution to the 6D gauge coupling is the same as on the torus. In terms of the 4D 
renormalization scale /i we have 

On the fixed points, however, the results are now more complicated than in the Z2 case, as they are 
given by H1U3|) . The matrix Aj^ can be read off from hence we infer that the matrix combination 
in (|103|) is given by 

^+ = diag(0,l,2),/., cos^+ + cos(^+ + (^) = diag(^,-l,^). (115) 

This results in the following expressions for the renormalization of the fixed point gauge couplings 

1 _ 1 2 1 _ 1 I 2 2 1 _ 1 2 

5/.p.o(/^) f/.p.o 167^2 ' 5/.p.i(/^) 16vr2 ' 5/.p.2(/^) 5/.p.2 IGvr^ ' 

(116) 

Notice that the beta coefficient of the fixed point gauge coupling gj.p.i has the opposite sign as 
compared to the other two fixed point couplings. 

The relation between the 4D zero mode gauge couplings, the 6D bulk gauge coupling and the fixed 
point gauge couplings on a Z3 orbifold read 

1 IVoV , , 1 1 
gfifi) 3 g^ ^9f,pj[N 

Here we have summed over the fixed points of the Z3 orbifold. Inserting the above results we find 
that the 4D zero mode gauge expressions given in ()113() are indeed reproduced. In particular, the 4D 
zero mode gauge coupling gi{^) does not renormalize at all. Hence we see that also in this case our 
bulk and fixed point results are consistent with an analysis using the zero modes on the covering space 
(T^) and the orbifold (TVZ3). 

6.3 Vector multiplet self interactions on l%i 

Both illustrations discussed above involved a single hyper multiplet in the fundamental representation. 
The final two examples consider the effects of the self interactions of the non-Abelian vector multiplet 
on Z2 and Z3 orbifolds. We follow the same methodology as for the hyper multiplet examples: First 
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compute the zero mode running and then see if it can be reproduced by combining the bulk and fixed 
point couplings in the appropriate way. 

We again consider the Z2 case on the circle for simpHcity, and take the same matrix Z defined in 
H1U4|1 . Writing the vector multiplet superfields in corresponding block matrices 



^=L. .J' 5=L . ' (118) 





we infer that only Vq, V\ and ^oi, 5io have zero modes, because of the orbifold action H22() . Using some 
trace identities to express all traces of the gauge group generators in the fundamental representation 
we obtain the following zero mode beta functions 

1 1 , 3-2iVo , 2 2iVi 2 1 1 , 3-2iVi ^ 2 2iVo 2 nio^ 



The factor of 3 and —1 result, because Vq and Y\ are 4D vector multiplets while 5oi and are chiral 
multiplets. 

The relation between the bulk, fixed point and zero mode gauge couplings are as stated in (|1(J9() . 
For the 5D bulk gauge coupling we find 

It^R, , 2txR 2-2(7Vo + A^i), 9 . ^ 

^ = + \°2 1"/^ ' 120 

because the zero modes on are the full vector and chiral multiplets Y and S. To compute the fixed 
point contributions using (jHlf) . we notice that by standard representation theory 

trAd(l^o + Yxf = 2A^otrNo^o^ + INxtx^^V'^ + 2iVitrNoV^o^ + 2A^otrNi^^ (121) 

In analogy to the definition of the trace tr^d we define trQj^d(^^) = ~ fijkfemnV"^'' Q^'' -^^^^ Using 
this definition and the fact that Q is equal to —1 when it corresponds to off-diagonal entries, we infer 
that 

trQ,Ad(Vb + Ui)' = 2iVotrNo't"o' + '^Nitr^.V^ - 2N,tT^,V^ - 2Notr^,Vl (122) 

Hence we find for the 4D fixed point gauge couplings 

1 1 , 4 • 2{No - iVi) , 2 1 1 , 4 • 2(iVi - iVo) ^ ^ 

+ T7^9. In/i , -2 7- = -^ + In/i . (123) 



5/.p.o(^) alp.Q 16vr2 ' 9lp.M gj.p.i 16vr2 

Combining these fixed point results with the bulk gauge coupling, we see that we precisely reproduce 
the 4D zero mode gauge couplings. 

6.4 Vector multiplet self interactions on T^/Zs 

Our final example discusses the non-Abelian vector multiplet self interactions on the orbifold T^/Zs. 
Using a similar analysis as presented above, we find that the zero modes are the vector multiplets 
Vo,Vi,V2 and chiral multiplets ^20, 'S'12, ^oi- Consequently, the zero mode gauge couplings read 

1 _ 1 1 
9oif^) 9o 167r2 



3-2No-Ni-N2^ In /x^, (124) 
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and cyclic permutations of the labels 0, 1, 2. The bulk contribution to the 4D zero mode couplings is 
of course the same, for the fixed point contributions we find from ()95() that we get 



1 1 



1 




(125) 



+ 



167r2 



and cyclic permutations. When these results are combined we see again that the 4D zero mode gauge 
couplings can be obtained from the 6D bulk and the fixed point gauge couplings according to (|117j) . 

7 Conclusions 

In this paper we considered the renormalization of gauge kinetic operators on orbifolds. With possible 
applications in string phenomenology in mind, we focused on supersymmetric theories in 5D and 
6D, as our results can be straightforwardly extended to lOD string models. The Z^v orbifolds under 
investigation preserved 4D Lorentz invariance and = 1 supersymmetry, which motivated us to use 
the language of 4D = 1 superfields to describe these theories. 

We presented in detail one loop computations on orbifolds using orbifold compatible delta functions. 
Using this technique we computed the gauge coupling renormalization for non-Abelian supersymmetric 
gauge theories. This extended our previous work ^H] which was only concerned with Abelian theories. 
For the hyper multiplet in the non-Abelian case we have established that the renormalization of the 
gauge couplings at the Z2 fixed points is absent, but for the other Z^v fixed points this is not the case. 
This result is similar to what we had obtained in the Abelian case before. In the non-Abelian theory 
there are also vector multiplet self interactions. We computed the self energy due to these interactions 
on the orbifold and found that they always give rise to renormalization both in the bulk and at all 
fixed points, including the Z2 fixed points. 

In this work we performed a direct computation of the required counter terms and therefore the 
renormalization at the fixed points. However, some of our results can also be obtained indirectly by 
carefully considering what happens at the zero mode level when the theory is compactified on the 
orbifold or its covering space. This technique has been advocated for example in Jl]. For us this 
provided an important cross check of our results for both hyper and vector multiplet on both Z2 and 
Z3 orbifolds. 

Aside from the gauge coupling renormalization, we have also encountered some other findings. 
First of all in the non-Abelian case both in 5D and 6D the local fixed point counter terms appear not 
to be gauge invariant under the full bulk gauge group. It is possible to give a non-linear completion of 
these terms which is invariant under the zero mode part of the supergauge transformation. This does 
not necessarily mean that gauge invariance is broken by quantum effects: Our one loop computation 
only focused on two point functions. This means that the full gauge invariant renormalized theory can 
only be guessed by using arguments of supergauge invariance. In the 6D bulk case the more or less 
obvious kinetic terms for the vector multiplet have to be completed by a Wess-Zumino-Witten term, 
see section 121 and also Therefore it might not be so surprising that this could also be the case for 
the fixed point contributions. What is more surprising is that this also seems to be the case in the 
5D setting. To determine these generalizations of Wess-Zumino-Witten terms is very interesting but 
lies somewhat outside the scope of the present paper. However, this question might be interesting for 
future research. 
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The other important quantum effect is that, as in the Abehan case, also higher derivative operators 
of the vector multiplet are required in order to cancel all divergences in 6D. However, in the non- 
Abelian case in 6D we also concluded that the Wess-Zumino-Witten term must also renormalize. And 
in addition there must exist a higher derivative analogue of this term, that ensures that the kinetic 
higher derivative operator is gauge invariant. To determine the precise form of this is again beyond 
the scope of the paper, but an interesting question for future investigations. 
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A Results for the Feynman graphs 

Here we give the results for the Feynman graphs that have been calculated. All results are formulated 
in 6D notation on the orbifold T^/Zat. These results can also be applied to the orbifold 5*^/^2: The 
5D situation is obtained when one replaces z = y and neglects all dependence on z, the derivatives 
change as d = d = d^, and instead of the six dimensional orbifold compatible delta functions H47|) one 
uses their five dimensional counterparts (|27j) . 



A.l Gauge multiplet corrections to the vector multiplet self energy 

In this appendix we give the superspace and the resulting scalar integral for the gauge multiplet 
contributions to the vector multiplet corresponding to the diagrams in figure Hvl We use the labels 
for these diagrams suggested by that figure to refer to the contributions of the various topologies and 
super fields. 
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I 1 JijKJtmn j \ )VA (^^j^Qff^^ 21 (U ^ dd)^ 

HYIF = 2Ujkhmnri'^^ [ {d^x)i2 d^evM 7777^ ■ (A.6) 

J (.L-l + 00)2 

HUG = (d''x)i2 d^^FiV/ ?2'r„^- ^_^^52'f (A.7) 

The diagrams in figure IVl give rise to the SS and VS self energies. Written in terms of two orbifold 
compatible delta functions we have: 

EIA = 2 U^Uimn j {d'x),2 d'e S\Si J^^Q^^ ~^2^^'^ \uld-d)^ (A-S) 
ElB = -V2U,khmn I (d'x)i2 d^'e (2dViSi ^ ^2^" ^^ 52^)"'=+ 

J ^ (□+dd)2 (□ + aa)2 

+ ^^^^^ ''^'^'^vm; ''^'^')- ^^-'^ 
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A. 2 Hyper multiplet corrections to the vector multiplet self energy 



In this appendix we give the scalar integral expression for the supergraphs given in figures IV ill and 
IVIIII at the level of two remaining orbifold compatible delta functions. 
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For the SS and SV self energies we find from figure IVIIH 
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B Fourier transformation conventions 



(A.15) 



In the main text we need to perform Fourier transformations between coordinate and momentum 
space. We describe our conventions for the 6D situation compactified on the torus T'^. Because of 
the notation in 6D and 5D introduced in sections 12.31 and 13.31 respectively, the reduction to the 5D 
integrals on the circle S^ is straightforward. We define the Fourier transformations as 

Mx,z) = [ ^(P,n)e*(f-+-+^^"), (B.l) 



(27r /_{)« 



and 



A{p,n) = / d'^xd^zA{x,z)e~ 



i{px+nz+nz) 



We have introduced the regularization scale /i such that the coordinate and momentum Fourier trans- 
forms have the same mass dimension. The coordinate space delta function is given by 



6\X2 - Xi)5\z2 - Zi) 



d'^p 1 
(27r)^ Voliy 
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The delta function in momentum space can be expanded as 
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C Theta functions 

C.l Genus one theta functions 

The genus one theta function on the Kaluza Klein lattice is defined as 

Ok 



a 



n€Z/R 



(C.l) 



The theta function is translation invariant under a shift of a by an element of the Kaluza Klein lattice 
or a shift of P by an element of the winding mode lattice 
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The genus one theta function on the winding mode lattice is defined as 

9w 

The relation between 9k and 6y[/ is 
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(C.4) 
(C.5) 



This can be obtained by using Poisson resummation, which allows us to rewrite a complex exponential 
function that is summed over the Kaluza-Klein lattice Ak into a delta function that is summed over 
the winding mode lattice and vice versa. Concretely, we have 



2'kR 



n£Af 



and 



(C.6) 
(C.7) 



C.2 Genus two theta functions 

The genus two theta function on the Kaluza-Klein lattice Ak is defined by 



a 

P 



(^1^) ^ ^q\n-a\^+i[{a-^){n-a)+{a-(3){n-a) 



(C.8) 



Also the genus two theta function fulfills the translation invariance properties ()C.2|) and ()C.3|) . The 
genus two theta function on the winding mode lattice is defined by 
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The relation between 9k and 6w is given by 
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This is obtained by Poisson resummation on the torus 
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Therefore, in the case t = a = si, and a = P = 
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holds both for the theta functions on the circle and on the torus. 
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D Regular izat ion of the momentum integral 

In order to determine the counterterms, we need to calculate the divergent part of the integral 

d'^PE 1 1 1 



Id = i 



Y — 



(D.l) 



which is obtained after a Wick rotation. We can replace the integration over the volume of the 
continuous momenta by the integration over the radius 



2(m) 



{27Ty (47r)'^/2r(f) 7o 



dp p' 



(D.2) 



The non-compact 4D integral is extended to d = 4 — 2e dimensions using the standard procedure of 
dimensional regularization of scalar integrals. Furthermore we use the identity 
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1 
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(D.3) 



where Mj are the momentum-dependent denominators of HD.1|1 . With the help of a Feynman parameter 
s the integral ()D.1|1 can be written as 
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where for D — d = 1, 2 we take for 6k the 9 function of the circle or the torus, defined in HC.1|) and 
()C.8|) . respectively. After application of the Poisson resummation formula ()C.14|) which is valid both 
on the circle and on the torus, we obtain 
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'(47r)^/2 
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Because Ow — 1 cannot lead to UV divergencies, we can put 6w = 1 in order to determine the divergent 
part. We find 
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In the 6D case we obtain 
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where we have defined 4 = — 7 + ln47r. Here only the terms with n G {0, 1} contribute to the 
divergent part and we have neglected terms with higher n. In the 5D case the expression reads 
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where only the n = term has been taken into account. The four dimensional case can also be traced 
back when one neglects the summation — y^,„ . This results in 
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